The second Rayleigh-Sommerfeld (RS) diffraction integral, wherein the normal derivative is specified, is evaluated in simple closed form for all axial points when a divergent or convergent spherical wave is incident upon a circular aperture or disk. These evaluations (solutions) are compared with known corresponding solutions of the first RS diffraction integral. These sets of solutions are intercompared with their mean value, i.e., the derived solutions of the Kirchhoff diffraction integral. The three diffraction formulations are shown to be in agreement for incident divergent spherical waves when the source and observation points are equally distant from the aperture or disk. Conversely, for convergent spherical waves, the three formulations are never in exact agreement for focal and observation points located at finite distances from the aperture, though at optical frequencies the relative error at the geometric focal point is vanishingly small. The second RS formulation predicts, in the limit of plane waves incident on a disk, that the axial irradiance is everywhere equal to the incident irradiance, whereas the first RS formulation predicts that the irradiance goes to zero at the back of the disk.
A problem of continuing interest in scalar diffraction theory is why the mathematically inconsistent theory of Kirchhoff 1 predicts results that are in substantial agreement with experiment.
One way of studying the mathematically inconsistent integral for scalar diffraction theory, due to Kirchhoff, is to compare its predictions to those of the mathematically consistent integral formulas due to Rayleigh 2 and Sommerfeld 3 (RS). In general, this requires extensive numerical calculations of two-dimensional integrals whose integrands contain extremely rapidly varying arguments (for optical frequencies). However, for several diffraction problems of immediate interest, simple closed-form evaluations (solutions) of the RS diffraction integrals can be obtained. The class of problems for which such solutions are obtainable includes (i) Diffraction at a circular aperture, annulus or disk of a divergent spherical incident wave, wherein the source point, the axis 'of the diffracting object, and the observation point all lie on a single line; (ii) diffraction at a circular aperture or annulus of a convergent spherical incident wave, wherein the focal point, the axis of the diffracting object, and the observation point all lie on a single line.
In 1961 Osterberg and Smith 4 published solutions of these two diffraction problems for the first RS diffraction integral, Here Ui(Q,-0) is the incident value of the scalar amplitude field on the boundary plane z=0, r is the distance
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and k is the effective wave number of the space. The integrations extend over the whole z=0 plane and the integral represents a continuous solution of the reduced wave equation for z>0. It is known that this integral represents the incident field at all points on the boundary plane where the boundary value is continuous.
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In this paper, we derive simple closed-form solutions of the two diffraction problems associated with the second RS diffraction integral, i.e., is the normal derivative of the scalar field incident on the plane z = 0. This integral also represents a continuous solution of the reduced wave equation for z>0 and recovers the boundary value at all points on the boundary plane where the boundary value is continuous.
It is well known that the mean value of the two RS diffraction integrals is precisely the Kirchhoff diffraction integral,
In order to intercompare the three diffraction formulations, it is useful to consider the difference between either of the RS integrals and the Kirchhoff integral. The value of that difference is expressed, disregarding a trivial multiplicative factor of plus or minus one, by the mean difference of the two RS solutions, b(x,yZ) =2[UI(x,yZ) -Uii(x,y - (4) This error wave field has been studied by Wolf and Marchand. ' In particular, they investigated diffraction 1003 0 JOHN C. HEURTLEY Vol. 63 of plane waves incident on a circular aperture. In the case of normal incidence and where the radius of the aperture was much larger than the wavelength and the observation point was axially located in the far field, they showed numerically that the magnitude of the error wave field was a small fraction of the magnitude of the diffracted wave field. Analytically, they showed that the error wave field vanishes asymptotically as the observation point goes to infinity, the angle of diffraction being moderate.
The closed-form solutions for both the first and second RS integrals enable us to show in addition that the magnitude of the axial error wave field is independent of wavelength, identically zero for divergent spherical incident waves when the observation point is located at the same distance from the boundary plane as the source point, nonzero for convergent spherical incident waves even when the focal point and the observation point coincide, and vanishes for divergent and convergent incident waves as the source (focal) and observation points recede to infinity.
In the limit of plane waves normally incident on an opaque disk, the second RS diffraction integral predicts that the axial irradiance is equal to the incident irradiance, in the absence of the disk, for all axial points, including the point on the back of the disk! This contrasts strongly with the behavior of the axial irradiance calculated from the first RS diffraction integral, according to which the axial irradiance evaluated at the back of the disk is zero.
DIVERGENT SPHERICAL WAVES
Consider that from the left there is incident upon the plane z=0 the wave field due to a unit point source located at the point z = -d. Let the (xy) coordinates in this boundary plane be denoted by (%,n) and define the polar coordinates (p,4) by p sin4, q =p coso. Now assume that the boundary plane contains an aperture that is an annulus with inner radius p =R 1 and outer radius p=R 2 . The axis of the annulus coincides with the z axis. For observation points located on the z axis, the RS integrals now become products of onedimensional integrals over the p and X coordinates, respectively. Performing the trivial 4 integration reduces the second RS diffraction integral to
is the distance from a point in the annulus to the observation point. Integrate Eq. (5) by parts to obtain
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Substituting this expression into the integrand and then comparing the resulting integral with the first RS formulation for the identical problem gives
This relationship is intrisically important, for it demonstrates that the specification of the incident wave field U%,%0) and its normal derivative in the boundary (aperture) plane gives rise to different diffracted fields, as determined by the first and second RS diffraction integrals, respectively. That is, Eqs. (1) and (2) are not mutually consistent, though they are self-consistent.
Substituting Osterberg and Smith's formula 7 for the quantity Ui (0,0,z) into Eq. (7) and doing a little algebra
(8) (9) (10) (11) Here H(ro+r,) is defined by
H(ro+r 8 ) = {[expik(ro+r,)]}/(ro+r 3 )
and the expressions are to be evaluated at the limits p=R 1 and p=R2.
We immediately deduce an important conclusion concerning the behavior of the magnitude of the error wave field for the case of divergent spherical waves incident on the diffracting obstacle: Whether the obstacle is a disk, aperture, annulus, or a series of concentric annuli, the error wave field is identically zero for all values of the wave number k when the source and observation points are symmetically located with respect to the diffraction plane. Therefore, an observer need not be in the far-field region in order to find regions where the three diffraction formulations predict essentially the same axial irradiance. Evidently, the magnitude of the error wave field decreases absolutely as both the source and observation points recede from the diffraction plane.
We also observe a certain reciprocity between the predictions of the axial wave amplitudes Ur(0,0,z) and U 11 (0,0,z) . That is, the axial amplitude computed from Eq. (8) for the source point at d units and the observation point at z units from the boundary plane is precisely the axial wave amplitude predicted from Eq. (9), wherein now the source point is located z units and the observation point is located d units from the diffraction plane.
A first specialization of our results is the case of diffraction by a circular aperture of radius a. The limits implicit in Eqs. (8)- (11) are then R1=0, R 2 =a. It is convenient to define the following distances. Let So denote the axial distance between the observation and source points,
So=z+d.
Let SI denote the over-all length of the path from the source to the observation point by way of the rim of the aperture, S1 = (z 2 +a2)j+ (d   2 +a 2 ) 1 .
If 6, and 6 o denote the angles subtended by the edge of the aperture from the source and observation points, respectively, then we have
In terms of these quantities, the field amplitudes determined from Eqs. (8)- (11) are
The expressions for Ui (O,0,z) and Uii(0,O,z) given by Eqs. (12) and (13), respectively, have markedly different behavior as the observation point approaches the aperture, the source point being regarded as fixed.
Whereas the cosO, factor in the expression for UII (0,0,z) is constant, the corresponding cos0o term in the expression for U 1 (0,0,z) tends to zero (Oo -> 7r/2) as the observation point moves toward the aperture, the variation becoming more rapid as z becomes less than a. Thus the predicted axial irradiance is expected to differ strongly in the region where the observation point is located at distances from the aperture that are less than an aperture radius. This effect is illustrated in Fig. 1 , where we display the axial irradiance computed from Eqs. (12)- (14) for the parameter values a= lOX and d= 10OX. Note that the axial-irradiance minima associated with the second RS formulation are zero in the near region of the aperture, whereas those associated with the first RS and Kirchhoff formulations are not.
It is interesting to compare to irradiances predicted in the aperture plane when the incident waves are essentially plane. Let us define the incident irradiance to be
Then, in the limit as d>>a, we easily deduce from Eqs. I Uiia(0,0,0) I2 and I Uk, (0,0,0) j 2 are strong functions of the parameter ha; the former oscillates from 0 to 4 times the incident irradiance, depending on whether the aperture radius is an even or odd number of wavelengths.
This contrasts with the behavior of I U 1 (0,0,0) I2, which is independent of ha and equal to the incident irradiance.
We now turn to the case of diffraction by a circular disk of radius a. In this situation R 1 = a and R 2 -h oo are the limits implicit in Eqs. (8)
-(11).
The axial field amplitudes for this case are given by 
Ukd(O,O,z) = [cos0o+cosGsl[exp(ikSO)]/2S1, (20)
Adding these (disk) axial amplitudes to the corresponding (aperture) axial amplitudes given in Eqs. (12)- (15), respectively, shows that the error wave fields sum to zero and that the amplitudes of the first and second RS, and the Kirchhoff formulations, separately sum to the incident wave field evaluated at the axial These relations also lead to strikingly different predications for the behavior of the axial irradiance in the near region of the disk. The first RS formulation predicts that the axial irradiance goes to zero as the observation point moves to the back of the disk at z=0 (Oo=ir/2). Both the second RS and hence the Kirchhoff formulations predict nonzero values when the observation point moves to the back of the disk. In the limit of plane waves incident on the disk the greatest differences occur. From Eqs. (18)- (20) 
The second RS formulation predicts that the axial irradiance is everywhere equal to the incident irradiance Io, including the point exactly at the back of the disk! This contrasts with the prediction from the first RS formulation that the axial irradiance varies as the square of the cosine of the angle between the point of observation and the edge of the disk. These differences, which are independent of wavelength, should be verified ex-
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Consider that an annulus centered on the z axis and lying in the plane z=0 is filled with a spherical wave converging on the point z = f. Let the inner radius of the annulus be p=Ri and the outer radius p=R 2 . The 2) and then following the same procedure used in the derivation of Ui (0,0,z) for divergent spherical waves, we find for the present case
where the function U, (0,0,z) is the first RS integral associated with the same problem. As the first term on the right-hand side of Eq. (25) is not identically zero, we see again that the two RS diffraction formulas are not mutually consistent. We again use Osterberg and Smith's evaluation 8 of the relevant solution UI (0,0,z) and, after a little algebra, obtain U,(0,0,z) = (z/ro)IH(ro-rf),
perimentally in order to determine the diffraction formulation that provides the best description of scalar diffraction phenomenon in the immediate vicinity of the aperture or obstacle. For a divergent wave, axial-irradiance distributions computed according to the three formulations are shown in Fig. 2 . Here the radius of the disk is a= 20X and the distance of the point source from the plane s=0 is d=200X. As in the case of diffraction by an aperture, the three formulations predict markedly different behavior for observation points lying closer to the diffracting object than a distance equal to the radius of the disk.
The comments on the axial magnitude of the axial error wave field in the problem of diffraction by an aperture are equally applicable to the case of diffraction by a disk. Here the quantity H(ro-rf) is defined by
CONVERGENT SPHERICAL WAVES

H(ro-rf) =(exp[ik(ro-rf)]}/(ro-rf)
and the expressions are assumed to be evaluated at the limits p =R 1 and p =R 2 .
As in the case of the exact solutions for divergent spherical waves, these solutions also have reciprocity properties, but they are simple only for the corresponding irradiance distributions. Thus the axial irradiance determined from UI (0,0,z) is precisely the axial irradiance determined from the wave amplitude UII (0,0,z) if we interchange the distances z and f; similarly for the irradiance associated with the Kirchhoff and error wave fields given in Eqs. (28) and (29), respectively.
Unlike the situation that existed in the case of divergent spherical waves, there is no region on the finite portion of the z axis where the magnitude of the error wave field is identically zero; even when the observation point coincides with the focal point, the indeterminate form expressed in Eq. (29) can be evaluated to yield a nonzero result. The magnitude of the error wave field does, however, decrease absolutely when both the focal and observation points recede to infinity.
We now consider the important case of diffraction by a circular aperture of radius a. Thus the limits implicit in Eqs. (26)- (29) are R 1 =0 and R 2 =a.
Define D 1 to be the difference of the distances from the observation and focal points from the edge of the aperture. That is,
Let Do be the difference in the axial distance between the observation point and focal point,
and, finally, let the angle subtended by the edge of the aperture from the focal point, i.e., the converging cone semi-angle, be denoted by Of, where
In terms of these quantities, the axial field amplitudes determined from Eqs. (26) and (27) take the form The focal distance is 100 wavelengths and the radius of the aperture is 10 and 20 wavelengths. All three diffraction formulations produce, on this scale, the same curves.
The magnitude of the error wave field given by Eq. (33) is a decreasing continuous function of z; when the observation point z and the focal point f coincide, we may use L'Hopital's rule to find (34) This is certainly not a vanishingly small quantity; in order to put it into perspective, let us compare it with the focal-point amplitudes predicted by the three diffraction theories. Again using L'Hopital's rule, we deduce from Eqs. (30)-(32) that the focal-point amplitudes are
Evidently, in any practical situation, with optical frequencies, the differences between the three predicted focal-point amplitudes are vanishingly small. The first and second RS diffraction formulations have exactly the same value of axial irradiance at the focal point.
Osterberg and Smith 1 ' computed the axial irradiance associated with Ui (0,0,z) for several values of Of and radius a. In their extensive investigation of this effect, they found that the location of the peak axial irradiance was generally between the geometric focal point and the aperture. Farnell 9 found that this effect was a property of the Kirchhoff diffraction integral. We find that it is a property of the solution associated with the second RS integral. The magnitude of the peakirradiance shift is pronounced when the diameter of aperture is not a great many wavelengths and the cone angle Of is small. We show in Fig. 3 first and second RS as well as the Kirchloff diffraction formulations produce the same curves.
Schafer" presents several figures showing axialirradiance curves, for the converging spherical-wave case, computed from the formulas of Osterberg and Smith 8 and the closed-form Kirchhoff formula quoted by Farnell.9 In Schafer's case, the apertures are so large that the peak axial-irradiance shift from the geometric focal point is not readily apparent. Schafer also presents axial-irradiance curves computed from the Luneburg-Debye diffraction integral; the differences between the latter's predictions and those of the RS and Kirchhoff formulations are quite apparent as the point of observation moves from the geometrical-optical focal point toward the aperture plane. Wolf,' 2 in a review paper, presents a considerable amount of experimental data, derived from the literature, pertaining to measured electric-and magneticfield components for the case of diffraction of a plane electromagnetic wave normally incident on a circular aperture in a conducting screen. Wolf shows generally good agreement between axial amplitudes predicted by the scalar Kirchhoff theory and measured values of the principal electric-and magnetic-field components. As observed by both Wolf and Schafer, though, the experimental data in the literature are electromagnetic [vectorial] and the comparisons are to predictions of scalar diffraction formulations.
Finally, I point out that, as in the case of divergent spherical waves, the first and second RS solutions for convergent waves show appreciable differences when the observation point moves toward the aperture. The results are similar to those obtained for divergent waves diffracted at an aperture, but because the matter is of little practical interest I will not pursue it further here. However, aperture fields resulting from plane incident waves have been computed by Marchand and Wolf' 
